Abstract. For each integer s ≥ 1, we present a family of curves that are F q -Frobenius nonclassical with respect to the linear system of plane curves of degree s. In the case s = 2, we give necessary and sufficient conditions for such curves to be F q -Frobenius nonclassical with respect to the linear system of conics. In the F q -Frobenius nonclassical cases, we determine the exact number of F q -rational points. In the remaining cases, an upper bound for the number of F q -rational points will follow from Stöhr-Voloch theory.
Introduction
Let p be a prime integer and F q be a finite field with q = p h elements. The problem of estimating the number of rational points on curves over F q has been extensively investigated in view of its broad relevance and application, e.g., in finite geometry, number theory, coding theory, etc., see [10] , [8] , [13, Chapter 6] and [16, Chapters 2 and 8] . Like studying curves with many F q -rational points, it also poses an interesting problem. Let X be a projective, nonsingular, geometrically irreducible curve of genus g defined over F q , and let N q (X ) be its number of F q -rational points. The most remarkable result regarding N q (X ) is the Hasse-Weil bound, which states that (1.1) |N q (X ) − (q + 1)| ≤ 2g √ q.
In 1986, Stöhr and Voloch introduced a technique to estimate N q (X ), which is dependent on the morphisms φ : X → P n [17] . In many instances, their results improve the Hasse-Weil bound ( [17] , [6] ). In this paper, we consider a family of curves X and focus on aspects relevant to the application of the Stöhr-Voloch theory, addresing the Frobenius (non)classicality of X with respect to linear systems of curves degree s ≥ 1.
Let F (x, y, z) ∈ F q [x, y, z] be a homogeneous polynomial, such that X : F (x, y, z) = 0 is a nonsingular projective plane curve of degree d and genus g. Associated with the linear system of all plane curves of degree s ∈ {1, . . . , d − 1}, the curve X has a linear series D s of dimension M = Note that for such a curve, the bound (1.2) reads
The bound (1.3) improves the Hasse-Weil bound in several cases ( [17, section 3] , [6] ). If ν i = i for some i, then X is called F q -Frobenius nonclassical with respect to D s . Note that for this case, we have
Thus (1.2) indicates that Frobenius nonclassical curves are likely to have many rational points. Therefore, if we can identify the Frobenius nonclassical curves with respect to D s , we are left with the remaining curves for which a better upper bound, given by (1.3), holds. At the same time, the set of Frobenius nonclassical curves provides a potential source of curves with many points. Therefore, in light of (1.2), characterizing Frobenius nonclassical curves may offer a two-fold benefit.
In general, the effectiveness of (1.3) will vary according to the value of s ∈ {1, . . . , d − 1}. For instance, in the cases s = 1 and s = 2, the bound (1.3) reads (1.4) N q (X ) ≤ d(d + q − 1) 2 and (1.5) N q (X ) ≤ 2d(5d + q − 10) 5 , respectively. Note that the bound (1.5) is better than (1.4) when, roughly, d < q/15. More generally, if r ≥ 1, then the bound (1.3) for s = r + 1 is better than the corresponding bound for s = r when, roughly, (1.6) d < 4 (r + 2)(r + 3)(r + 4) q.
These facts can be interpreted as follows. If we want to find plane curves of degree d < q/15 attaining the bound (1.4), we must look for plane curves that are F q -Frobenius nonclassical with respect to D 2 . Similarly, plane curves of degree d < q/30 attaining the bound (1.5) must be F qFrobenius nonclassical with respect to D 3 , and so on. An explicit example of this phenomenon is given in Section 3. This also highlights the importance of Frobenius nonclassical curves for the construction of curves with many points. Frobenius (non)classicality in the case s = 1 has been widely investigated with many examples cited in the literature ( [2] , [5] , [6] , [9] ). Even for this case, however, a complete characterization of F q -Frobenius nonclassical curves is lacking. As observed by Hefez and Voloch [9] , characterizing all such curves seems a quite complex problem.
In 1988, Garcia and Voloch established necessary and sufficient conditions for a Fermat curve, i.e., a curve given by an equation of the type
, ab = 0, to be F q -Frobenius nonclassical in the cases s = 1 and s = 2 [6] . It seems that, excluding the Fermat curves, not many F q -Frobenius nonclassical curves with respect to the linear system of conics are characterized.
In this paper, we study the F q -Frobenius (non)classicality of a generalization of the Fermat curve. More specifically, we study the smooth projective plane curves X of degree d = sn, defined over F q , and given by the equation F (x, y, z) = 0, where
with s ≥ 1 and n ≥ 2. The paper proceeds as follows. In Section 2, we set some notation and recall the main results of the Stöhr-Voloch theory, which constitute the basis for this study. In Section 3, we provide criteria for the curves arising from (1.7) to be F q -Frobenius nonclassical with respect to the linear series D s . Then we take advantage of these criteria to construct new curves of degree d < q/15 attaining the Stöhr-Voloch bound (1.4). In Section 4, we fully characterize the F q -Frobenius nonclassical curves arising from (1.7) in the case s = 2. In Section 5, we determine the exact value of N q (X ), when X is an F q -Frobenius nonclassical curve and, via Stöhr-Voloch theory, arrive at a nice upper bound for the number of F q -rational points on the remaining curves. The paper's appendix provides facts about the irreducibility of some plane quartics. The results listed there are useful in certain proofs of Section 4.
Notation
Hereafter, we use the following notation:
• F q is the finite field with q = p h elements, with h ≥ 1, for a prime integer p.
• K is the algebraic closure of F q .
• Given an irreducible curve X over F q and an algebraic extension H of F q , the function field of X over H is denoted by H(X ).
• For a curve X and r > 0, the set of its F q r -rational points is denoted by X (F q r ).
• N q r (X ) is the number of F q r -rational points of the curve X .
• For a nonsingular point P ∈ X , the discrete valuation at P is denoted by v P .
• For two plane curves X and Y, the intersection multiplicity of X and Y at the point P is denoted by I(P, X ∩ Y).
• Given g ∈ K(X ), t a separating variable of K(X ) and r ≥ 0, the r-th Hasse derivative of g with respect to t is denoted by D (r) t g.
Preliminaries
In this section, we recall results from [17] . Let X be a projective, irreducible, nonsingular curve of genus g defined over F q . Associated to a nondegenerated morphism φ = (f 0 : . . . : f n ) : X −→ P n (K), there exists a base-point-free linear series given by
with E := P ∈X e P P and e P = −min{v P (f 0 ), . . . , v P (f n )}. Given a point P ∈ X , there exists a sequence of non-negative integers (j 0 (P ), . . . , j n (P )), such that j 0 (P ) < · · · < j n (P ), called order sequence of P with respect to φ, which is defined by the numbers j ≥ 0 such that v P (D) = j for some D ∈ D φ . Except for a finite number of points of X , the order sequence is the same, and denoted by (ǫ 0 , . . . , ǫ n ). This sequence can also be defined by the minimal sequence, with respect to the lexicographic order, for which
t f j ) 0≤i,j≤n = 0, where t is a separating variable of K(X ). Moreover, for each P ∈ X , (2.1) ǫ i ≤ j i (P ) for all i ∈ {0, . . . , n}.
The curve X is called classical with respect to φ (or D φ ) if the sequence (ǫ 0 , . . . , ǫ n ) is (0, . . . , n). Otherwise, it is is called nonclassical.
Let K(X ) be the function field of X and define the subfield
In [7, Theorem 1] the following criterion is proved, which is useful in determining whether X is classical with respect to the given morphism.
. . , f n are linearly independent over (K(X )) r if and only if there exist integers ǫ 0 , . . . , ǫ n with
Proposition 1.7 in [17] establishes the following.
Proposition 2.2. Let P ∈ X be a point with order sequence (j 0 (P ), . . . , j n (P )).
If the integer
is not divisible by p, then X is classical with respect to D φ . Now suppose that φ is defined over F q . The sequence of non-negative integers (ν 0 , . . . , ν n−1 ), chosen minimally in the lexicographic order, such that If X ⊆ P n (K), the F q -Frobenius map Φ q is defined on X by
Note that if X is a plane curve, then by (2.2) and [17, Corollary 1.3], we have that X is F q -Frobenius nonclassical with respect to the linear system of lines if and only if Φ q (P ) lies on the tangent line of X at P for all P ∈ X . Now let F (x, y, z) ∈ F q [x, y, z] be a homogeneous, irreducible polynomial of degree d such that
is a nonsingular projective plane curve. The function field K(X ) is given by K(x, y), where x and y are such that F (x, y, 1) = 0. For each s ∈ {1, . . . , d − 1}, consider the Veronese morphism
where i + j ≤ s. It is well known that the linear series D s associated with φ s is base-point-free of degree sd and dimension M = The linear series D s is also obtained by the cut out on X by the linear system of plane curves of degree s. For any P ∈ X , a (D s , P )-order j := j(P ) can be seen as the intersection multiplicity at P of X with some plane curve of degree s. That is, the integers j 0 (P ) < · · · < j M (P ) represent the possible intersection multiplicities of a plane curve of degree s with X at P . Moreover, by [17, Theorem 1.1] , there is a unique curve H s P of degree s, called s-osculating curve of X at P , such that
F q -Frobenius nonclassical curves
Let us recall that X : F (x, y, z) = 0 is a smooth, projective plane curve of degree sn, defined over F q , where F is given by , and the curve is defined over F p v , where q = p h , v > h and v|h. For an alternative proof including the case p = 2, see [1] . Henceforth, we consider a smooth curve X associated to (3.1) with the following assumptions:
The following result will be a key ingredient in our approach. It is proved in [14, Lemma 1.3.8] and [12, Lemma A.2] , for curves in characteristics p = 0 and p ≥ 0, respectively. Lemma 3.1. Let F , G and H be three plane curves. If F is nonsingular, then
Lemma 3.2. For all points P = (a : b : c) ∈ X such that abc = 0, the sosculating curve H s P to X at P is an irreducible curve given by the equation H P (x, y, z) = 0, where
, and gcd(p, m) = 1. Furthermore, the curve X is nonclassical with respect to D s but classical with respect to
Proof. Set f (x, y) := F (x, y, 1), and note that f (x, y) = 0 can be written as
Thus X is nonclassical with respect to D s . Let P = (a : b : c) be a point of X , with abc = 0, and consider the curve
We claim that C is irreducible. To see this, consider the polynomial G(x, y, z) := i+j+t=s c ij x i y j z t , and note that
Therefore, we need only prove that the polynomial G(x, y, z) is irreducible. But this follows immediately from the fact X is irreducible and F (x, y, z) = G(x n , y n , z n ). We may assume that P = (a : b : 1), and then for h(x, y) :=
Thus from Lemma 3.1, we have
As we are assuming that p > s 2 , we have that
Therefore by Bézout's Theorem, the curves C and H s P have a common component. However, since C is irreducible and deg(C) = deg(H s P ), it follows that C = H s P . In particular, the s-osculating curve H s P is irreducible. For the lemma's last statement, it suffices to prove classicality with respect to D s−1 . Suppose that X is nonclassical with respect to D s−1 . Then by [17, Corollary 1.9] , the intersection multiplicity of X with the (s − 1)-osculating curve H s−1 P to X at any point P ∈ X is I(P, X ∩ H s−1 P ) ≥ p. By Lemma 3.1,
and thus Bézout's Theorem implies that H s P and H s−1 P have a common component. Since this contradicts the irreducibility of H s P , the result follows.
Next we give the main result of the section. Theorem 3.3. Let H s P be the s-osculating curve to X at P . Then Φ q (P ) ∈ H s P for infinitely many points P ∈ X if and only if n = (
and X is defined over F p v , where q = p h , h > v and v|h.
Proof. Since p|n − 1, we have that n = mp v + 1 for some positive integers v, m, where gcd(p, m) = 1. Suppose that Φ q (P ) ∈ H s P for infinitely many points P ∈ X . By Lemma 3.2, this means that the function
is zero, i.e., the polynomial f (x, y) := F (x, y, 1) divides g(x, y). Since mp v + q = n + q − 1, the polynomial g(x, y) can be written as
Note that g(x, y) is a nonzero polynomial of degree s(n + q − 1). Also, it is easy to see that
This implies that f (x, y) divides l(x, y), and then
which is impossible for n > 1. Therefore, n + q − 1 is divisible by p v , and then (3.7) gives g(x, y) = r(x, y) p v , where
Furthermore, f (x, y)|r(x, y). Now we claim that r(x, y) is irreducible. To see this, let R be the projective closure of the curve r(x, y) = 0. One can easily check that if P = (a : b : c) ∈ R is a singular point, and α, β, γ ∈ K are roots of
is a singular point of X . However, since X is smooth, the curve R must be smooth, and so r(x, y) is irreducible. This implies f (x, y) = αr(x, y)
, with h > v and v|h, and that X is defined over F p v . We may assume that all coefficients c ij lie in F p v . From Lemma 3.2, it suffices to prove that f (x, y)|g(x, y), where g(x, y) is given by (3.6). Note that n + q − 1 = np v , and then (3.7) implies g(x, y) = f (x, y) p v , which completes the proof. 
where 1, f 1 , . . . , f M are the coordinate functions of the Veronese morphism φ s . Thus ν i > ǫ i for some i = 1, . . . , M − 1, and therefore X is F q -Frobenius nonclassical.
As mentioned in the introduction, the construction of plane curves of degree d < q/15 attaining the bound (1.4) requires constructing F q -Frobenius nonclassical curves with respect to D 2 . Next, we take advantage of our previous characterization to find explicit examples illustrating this phenomenon.
Suppose that, in addition to our standard hypotheses, the curve X : F (x, y, z) = 0 satisfies the hypotheses of Corollary 3.4. In particular, X is F q -Frobenius nonclassical with respect to D s . Let C : G(x, y, z) = 0 be the curve of degree s, defined over F p v , where
Note that F (x, y, z) = G(x n , y n , z n ) and that the smoothness of X implies that C is smooth as well.
, and there is no F p v -rational point P = (a : b : c :) ∈ C where abc = 0, then
where q = p h and d = sn. In particular, if s = 2 and p v > 31, then X is a curve of degree d < q/15 attaining the bound (1.4).
Proof. Note that since X is Frobenius nonclassical with respect to D s and s ≥ 2, Lemma 3.2 implies that X is classical with respect to D 1 . Therefore,
Recall that X : F (x, y, z) = 0 and C : G(x, y, z) = 0 are such that
. Therefore, the map π :
For Q = (a : b : c) ∈ C, with abc = 0, we have #π −1 (Q) = n 2 , and then
and the result follows. Note that in the case s = 2 and p v > 31, the curve
, as claimed.
Constructing curves illustrating case s = 2 in Theorem 3.5 is straightforward. One need only select one of the many irreducible conics C, defined over F p v , with no F p v -rational points P := (a : b : c) with abc = 0. Since N p v (C) = p v + 1, the curve C attains bound (1.4), and the result follows.
4. The case s = 2
As mentioned in Section 3, if s = 1, the curve
is a Fermat curve ax n + by n = z n , and its classicality and F q -Frobenius classicality with respect to D 1 and D 2 were studied in [7] and [6] , respectively. In this section, we exploit the case s = 2. More precisely, we consider the curve
with a i ∈ F q , i ∈ {1, 2, 3, 4, 5, 6}, and assume the following: = 0.
Throughout this section, F (x, y, 1) will be denoted by f (x, y).
Proposition 4.2. There exists a point P ∈ X whose (D 1 , P )-order sequence is (0, 1, n). In particular, if X is nonclassical with respect to D 1 , then p|n(n− 1).
Proof. Using assumption (4.iii), without loss of generality, we assume a 2 = 0. If P = (u : 0 : 1) ∈ X , then f (u, 0) = a 1 u 2n + a 4 u n + a 6 = 0 (in particular, u = 0) and the tangent line to X at P is given by ℓ P : x − uz = 0. Thus
where g(y) = a 2 u n + a 5 + a 3 y n = 0. Then I(P, ℓ P ∩ X ) = n if and only if a 2 u n + a 5 = 0. Our remaining problem reduces to find a point P = (u : 0 :
Suppose there is no such point. That is, all the roots of a 1 x 2n +a 4 x n +a 6 = 0 are roots of a 2 x n + a 5 = 0. This implies that a 1 x 2 + a 4 x + a 6 = 0 has a double root α = −a 5 /a 2 , which yields We now study the (non)classicality and F q -Frobenius (non)classicality of X with respect to the linear series D 2 , making the following assumptions:
The following theorems will be proved after a sequence of partial results.
for some integer v < h with v|h, and X is defined over F p v (2) p|2n − 1, all but one of the coefficients a 2 , a 4 and a 5 are zero, n =
for some integer v < h with v|h and, up to an F q -scaling of the coordinates, the curve X is defined over F p v .
The next three lemmas will provide the key results for the proof of Theorem 4.5.
Lemma 4.7. If p|(n + 1)(n − 2), then X is classical with respect to D 2 .
Proof. Since X is classical with respect to D 1 , the D 2 -order sequence of X is given by (0, 1, 2, 3, 4, ǫ), where ǫ ≥ 5. Suppose that ǫ > 5, i.e., X is nonclassical for D 2 . Then by [7, Proposition 2] , ǫ = p s , for some s > 0.
First, assume p|n − 2. Hence n = mp v + 2, for some m, v > 0, with gcd(m, p)=1 and then f (x, y) = 0 can be written as
Let P = (u : w : 1) ∈ X with uw = 0 and consider the projective closure Q P ⊂ P 2 (K) of the curve given by
Note that Q P is an irreducible quartic. In fact, Q P is projectively equivalent to the curve C given by
The curve C, on the other hand, is nonsingular. Indeed if (a : b : c) is a singular point of C, then (α : β : γ) is a singular point of X , where α, β, γ ∈ K are roots of x n = a 2 , x n = b 2 , and x n = c 2 respectively. This contradicts the smoothness of X . Now for all P = (u : w : 1) ∈ X with uw = 0,
P be the osculating conic to X at P . Since ǫ = p s , we have that I(P, H 2 P ∩ X ) ≥ p s . However, Lemma 3.1 with our assumption that p > 7 gives
which implies, by Bézout's Theorem, that H 2 P is a component of Q P . This contradicts the irreducibility of Q P . Therefore, X is classical.
Suppose p|n + 1, and let m, v > 0 be such that n = mp v − 1 and
Consider a point P = (u : w : 1) ∈ X with uw = 0 and the projective closure Q ′ P ⊂ P 2 (K) of the curve given by l(x, y) = 0, where
Since a 6 = 0, Q ′ P is a quartic. 
Therefore,
P is the osculating conic to X at P , we have I(P, H 2 P ∩ X ) ≥ p s ≥ 11. By Lemma 3.1 and Bézout's Theorem,
.This is a contradiction, and thus the curve X is classical.
Lemma 4.8. If X is nonclassical with respect to D 2 , then p|(n − 1)(2n − 1).
Proof. By Proposition 4.2, there exists a point P ∈ X with order sequence (0, 1, n) with respect to D 1 , i.e., 0, 1 and n are the possible intersection multiplicities of X with a line at P . Hence there are degenerated conics in P 2 (K) whose intersection multiplicities with X at P are 0, 1, 2, n, n + 1 and 2n. Since D 2 has projective dimension 5, these are the possible intersection multiplicities of X with a conic at P . In other words, the order sequence of P with respect to D 2 is (0, 1, 2, n, n + 1, 2n). Thus by Proposition 2.2, p divides n(n − 1)(2n − 1)(n + 1)(n − 2). Since the irreducibility of X together with Lemma 4.7 gives p ∤ n(n + 1)(n − 2), the result follows.
The next two lemmas will address the converse of Lemma 4.8. Proof. Let m, v be such that 2n = mp v + 1 and gcd(m, p) = 1. Assume that all but one of the coefficients a 2 , a 4 and a 5 are zero. We may suppose that F (x, y, z) = a 1 x 2n + a 2 x n y n + a 3 y 2n + a 6 z 2n with a 2 = 0 (the other two cases are analogous). We have
Since X is classical with respect to D 1 , the D 2 -order sequence of X is (0, 1, 2, 3, 4, ǫ) for some ǫ ≥ 5. In view of (4.5), Theorem 2.1 implies ǫ ≥ p v > 5. Hence X is nonclassical for D 2 .
Now assume X is nonclassical and suppose that at least two of the constants a 2 , a 4 and a 5 are nonzero. Recall that the smoothness of X implies a 1 a 3 a 6 = 0, and then after scaling, we may set a 1 = a 3 = a 6 = 1. Thus since f (x, y) = x 2n + a 2 x n y n + y 2n + a 4 x n + a 5 y n + 1 = 0 ∈ K(X ), we have that (x 2n +a 2 x n y n +y 2n +a 4 x n +a 5 y n +1)(x 2n −a 2 x n y n +y 2n −a 4 x n +a 5 y n +1) = 0, and then
Squaring both sides of (4.6) yields
Let P = (u : w : 1) ∈ X with uw = 0 and Q P be the projective closure of the quartic given by r(x, y) = 0, where
We claim that Q P is irreducible. In fact, via (x :
w mp v y : z), the quartic Q p is projectively equivalent to which is a contradiction to (4.2). Hence using the same arguments in the proof of Lemma 4.7, we get I(P, Q P ∩ X ) ≥ p. Since X is classical with respect to D 1 and nonclassical with respect to D 2 , by [7, Proposition 2] the order sequence of X with respect to D 2 is (0, 1, 2, 3, 4, p s ) for some s > 0. Therefore, if H 2 P is the osculating conic to X at P , we have I(P, H 2 P ∩ X ) ≥ p s . Using Lemma 3.1, as in the previous cases, we obtain a contradiction by Bézouts Theorem since we are assuming that p > 7.
Proof of Theorem 4.5 It follows directly from Lemmas 4.8, 4.9, and 4.10.
We use the following lemmas to build our proof of Theorem 4.6.
Lemma 4.11. Assume that p|n − 1. Then X is F q -Frobenius nonclassical with respect to D 2 if and only if n =
, with h > v, v|h and X is defined over F p v . 1, 2, 3, 4, ǫ) , where ǫ > 5. The F q -Frobenius nonclassicality of X with respect to D 2 is equivalent to for some integer v < h with v|h, and up to an F q -scaling of the coordinates, the curve X is defined over F p v .
Proof. If n =
Proof. , Suppose that X is F q -Frobenius nonclassical. By Proposition 2.3, the curve X is nonclassical and therefore, by Theorem 4.10, all but one of the coefficients a 2 , a 4 , and a 5 are zero. We can assume, without loss of generality, that a 4 = 0. Dehomogenizing F (x, y, z) with respect to z and setting a := −a 1 /a 3 , b := −a 4 /a 3 , and c := −a 6 /a 3 , we obtain that X is given by the affine equation
Since p ∤ 2n, we have that x is a separating variable of F q (X ). The assumption that X is F q -Frobenius nonclassical is equivalent to W = 0 ∈ F q (X ), where
.
Using the formula D
(g) (see e.g. [11, Lemma 5 .72]) and elementary properties of Determinants, we obtain
x (y) 2D
(1)
Equation ( for i > 1. Through standard computations and bearing in mind that p|2n−1, we obtain 
It can be checked that the equality above implies
, and hence v is a proper divisor of
, where v is a proper divisor of h. Moreover,
exists α ∈ F q such that α 2n = b 2 , using the surjectivity of the norm map N : F q −→ F p v . Thus up to the F q -scaling (x, y) → (αx, y), the curve X is defined over F p v .
Conversely, assume that all but one of the coefficients a 2 , a 4 and a 5 are zero, n = for some integer v < h with v|h and that, up to F q -scaling, the curve X is defined over F p v . We can suppose, without loss of generality, that a 4 = 0 and that a 1 , a 3 , a 4 , a 6 ∈ F p v . Then the curve X is determined by the affine equation (4.9) with a, b, c ∈ F p v . Hence
with W, W 1 and W 2 as in (4.10), (4.11), and (4.12), respectively. Since
, we have
Thus W = 0, i.e., X is F q -Frobenius nonclassical with respect to D 2 .
Proof of Theorem 4.6 It follows directly from Lemmas 4.8, 4.11 and 4.13.
The number of rational points
In this section, we use the preceding results to discuss the possible values of N q (X ) in the case s = 2. Since the necessary and sufficient conditions for the F q -Frobenius nonclassicality of X were established, we will be able to provide the exact number of F q -rational points for these curves. In the remaining cases, i.e., for the F q -Frobenius classical curves X , the Störh-Voloch bound (1.3) gives
where d = deg X . The next result gives the number of F q -rational points on the F q -Frobenius nonclassical curves X satisfying condition (1) of Theorem 4.6.
, with v < h such that v|h, and a 1 , · · · , a 6 ∈ F p v are such that the curve X : a 1 x 2n +a 2 x n y n +a 3 y 2n +a 4 x n z n +a 5 y n z n +a 6 z 2n = 0 is smooth, then
where δ is the number of F p v -rational points P = (a : b : c) on the conic C : a 1 x 2 + a 2 xy + a 3 y 2 + a 4 xz + a 5 yz + a 6 z 2 = 0, satisfying abc = 0.
Proof. As in the proof of Theorem 3.5, consider the map π : X (F q ) −→ C(F p v ) given by π(α : β : γ) = (α n : β n : γ n ). Since X is nonsingular, . It can be checked that the conic C : x 2 + 3xy + y 2 + 3xz + 3yz + z 2 = 0 has no F 43 -rational points P = (a : b : c) with abc = 0. Hence (5.2) gives N q (X ) = 85184.
For the curves corresponding to case (2) of Theorem 4.6, we have the following.
, with v < h such that v|h, and a, b, c ∈ F * p v are such that the curve X : ax 2n + bx n y n + cy 2n + z 2n = 0 is smooth, then
where η is the number of distinct F p v -roots of ax 2 + bx + c = 0.
Proof. Considering the irreducible conic C : ax 2 + bxy + cy 2 + z 2 = 0, the map ϕ : X −→ C, given by (x : y : z) → (x n : y n : z n ) is well defined. Thus
, a point P ∈ X is F q -rational if and only if the nonzero coordinates of Q = ϕ(P ) satisfy the equation t 2(p v −1) = 1. That is, the point
Note that the fiber of each point Q = (x : y : z) ∈ C has either n 2 or n points, with the latter case corresponding to the points for which xyz = 0. Therefore, counting the F q -rational points on X reduces to counting the points Q = (x : y : z) ∈ C defined over the set S :
The computation will be based on two types of points (x : y : z) ∈ C.
Hence the number sought is given by the number of points (x 0 , y 0 ) ∈ F * p v ×F * p v on the union of the two distinct and irreducible conics 
is the number of distinct F p v -roots of ax 2 + bx + c = 0. Since 1/λ 2 ∈ F p v is not a square, we can see that
and then #Z 1 + #Z 2 = 4 + 2η. Therefore, the number of F q -rational points on X , with nonzero coordinates, is given by
(ii) Case xyz = 0. We use the notation from the previous case. Clearly the set of points on C with coordinates defined over S and satisfying xyz = 0 is Z 1 ∪ Z 2 . Based on our previous discussion, we have that #(Z 1 ∪ Z 2 ) = 4 + η. Hence there will be n(4 + η) F q -rational points on X ∩ {xyz = 0}.
Finally, adding the number n(4 + η) to the one given in (5.4) yields (5.3), and finishes the proof. In what follows, we note some simple facts regarding the irreducibility of certain plane quartics that are used in some of the proofs of this paper. Despite the simplicity, their detailed proofs can be quite lengthy. Thus for the sake of brevity, in some cases we omit the details and just indicate the main steps.
Hereafter, we assume that K is an algebraically closed field with char(K) = 2. The idea is to find conditions on a, b, and c for which the quartic Q is irreducible. We begin with the following result, which states some basic facts about the quartic Q. The proof is trivial and will be omitted. (ii) , y, z) ). Dehomogenizing G(x, y, z) with respect to the variable z, we find that the curve may be given by f (x, y) = 0, where
Note that f is a quadratic polynomial in K(y) [x] , which is reducible if and only if its discriminant
is a square in K(y). This condition is equivalent to the discriminant of g(y) = y 2 + ( Consider the projective change of coordinates mapping P 1 , P 2 , and P 3 to (1 : 0 : 0), (0 : 1 : 0), and (0 : 0 : 1), respectively. Based on this map, it can be checked that Q is projectively equivalent to the quartic defined by the equation 
